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SUMMARY,. . ::’.

. .

A solutionoftlieNavier-Stokes“equationforso~ceandsihkflowsof
a viscous,heat-conducting,compiessi~lefluidisgivenfo~thecaseof
constanttotalflowenergy.Forthesatisfactionoftheconditionof ‘
constanttotalflowener~,a certa~.@andtl’qun@erisrequ.$red.Aside
fromthismoreohiouErequirement,theselectionofa certainratioof

. thefirstandsecondviscositycoefficientisnecessary.Thenatureof
thegeneralsolutionsforflow@th arbitraryFrandtlnuniberandwith
heatadditionisdiscussed.Furthermore,themannerisdiscussedinwhich
thefamiliarheat-conductioneffeetscotiinedwiththepeculiartiscous

,. effectssolelydueto compressability,.somethesc+.lledthelongitudinal
viscouseffects,influencetheflowthrou&‘a‘curvedminimumsection
joinedto a sinkflow.A discussionofthesecond,viscositycoefficient
fromthegas-dynamicapproachisalsogiven.

.,. ,: ,---’ -.“’.. .,

INTRODUCTION T. ..

Withtheadventof flightatextremealtitudes;the”studyofhigh-
speedviscousflowshasbecomeofpracticalimportance.SinceforhiglL-
speedflowsthecompressibilityeffectsarelarge,theviscouseffects‘
solelydueto compressibilityalsocaUedthelongitudinalviscous:effects
havetobe investigatedinadditiontothetransverseviscouseffects
whichareassociatedwithboundarylayers. .... ...

SincethetransverseviscouseffectsandtheLmgitud”Maltiscous
effectsinonedimensionarewell-known,thereremaintobe investigated
thelongitudinal,yiscouseffects‘ih~moret%an”me”dimenbion‘tidtheir
interaction-with:the”transve@ev33’emkl:e-ffects.’Recenklyjanextensive
studyhasbeenmadeby Lagerstrom,Cole,andTrilling(reference1)j a
linearizedformoftheNavier-Stokesequationinwhichthetransverse
viscouseffectsandthelongitudinalviscouseffectscanbe superposed

..--. .—— — -—— ——.— — ---—-—— -.—._.——— __ ———..



2 mc~ m 2630

wasinte~ated.Thepresetipaperconsidersa sourceor sinkflowofa
viscous,heat-conducting,compressiblefluid.Thisproblemisa non-
linearflowcaseinmorethanonedimensionforwhichtheviscouseffects
aresolelylongitudinal.Therelativesimplicityof sourceflowisdue
tothefactthatalthoughtheflowistwo-orthree-dimensional,theflow
canbe represetiedby single-parameterequationsbecauseof itscylin-
dricalor sphericalsymmetryand,thus,ithasnoplacefortransverse
viscouseffects.Thepresentsolutionmaybe considereda generalization
of one-dimensional,viscous,heat-conductingshockflowtotwoorthree
dimensions;insuchcases,expansionflowsaswellascompressionflows
arepossible.

“InthesolutionoftheI?avier-Stokesequationgivenherein,useis
madeofthesecondviscosi~coefficieti.Thefundamerrtaldevelopments
concernedwiththesecondviscositycoefficientaregiveninBusemann’s
“Gasdynamik”(reference2)publishedin1931,derivedby meansofa
gas-dynamicapproach,andinTisza’spaper(reference3),piblished
in1942,wherethederivationisfor,ultrasonicsanditsimplications
forgasdynamicsisonlybrieflymentioned.Sincethedevelopmentgiven
by BusemannisverybriefandTiszafsdevelopmentisderivedwitha
~fferentapproach;a moredetailedaccount
coefficientingasdymamicsisgiveninthe
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SYMBOLS

distancefromsource(orsink)

spacecoordinatesnormalto x

~fthesecondtiscosity
presentpaper.

velocityin directionof source(orsink)

velocitiesnormal

velocityvector

viscousstress

totalstress

surfaceof sphere

toll”

orcircumferenceofcircle;also,cross-
sectionalareaoftubewithslightlyvaryingcrosssection

.
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a

P

t

T

P

M

B

h

speedof sound ,,

density d

time

absolutetemperature

pressure

Machnumber(u/a)

entro~

enthal~

R gasconstant

IJ firstviscositycoefficient

P’ secondviscositycoefficient

k heatconductivitycoefficient

c meanmolecularvelocity

-1 meanfreepath

CP specificheatat

Cv specificheatat

constantpressure

constantvoltie

7 ratioof specificheats (cP/CT)

c1 constant

c2. kpux

fit =
d logX ,-
d logii

Subscripts: .,

0 stagnationconditions

. max maximum -,, ..--

A barabovea quantitydenotesa vectorexceptinthecaseof li
whereii tepresentsu/~x “

—.. .— . .—— — _.——_—..—__



4 NACA~ 2630

FUNDAMENTALEQUATIONSANDTHEIRINTEGRATION

Thegeneralflowequationsare(references2 md 4):

Thecontinuityequationis.

div(p~)= O

Theequationofmotionis

(1)

wbere m isthe
thepressurep

(%“5=
‘iZx

Theenergyequation

EP==-diTx ,. (2)

totalstresstensorwhichhasthefollowingrelationto
andtheviscousstresstensorT:

isconveniently

o

P

o )(o ‘xx

O+TV

P TZx

‘XY
‘YY

‘Zy )‘xl?‘P
Tz.

,-

writteninthe-form

1[( )-$ ( ydivpv~+h - kgradT-~. T =0 (3)

where k gradT represetistheheatflow,~“T representstheflowof
workofthestresstensorTjandthequantityh istheenthal~of
theflow.‘l?he-r orcontractedtitipliC13tiOII~.T(Or viTi2)(for
example,reference5)yieldsa vectorwiththecomponents

(T”T)X=UTn + VTW + WTZX

(7*T)y = UTV + VTn + WTZY

(7”T)z = UTM + VTYZ+ WTZZ “

,,

.

,
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.

.

Theeqression
,-

div(~”f)canbe writtenin’thefo& ‘

a
(z “= + “v ‘“’=) +%%+!3Y+W’YJ’

Thisexpressionisofthesame:formas
withtheexce@tionthd%inthecaseof

theequ@tion“giveninreference4
reference4 thestressesinclude

thepressu term.
,.

Dueto thesymmetryof source’
tions(1),(2),and(3)intopolar
forthepolarcoordinateandpolar
tinui.tyequationbecomes

,.
flow,&steati’oftransfox equa-
f Orm, x and u. canbe introduced
ve.lo,city,respective@.Thecon-

,,
PuJ?= constant= C3 (4)

Inorderto expressthe
flow,thecomponentsof
andare

equationsofmotionandofenergyfor.source
thestresstensorbe rieeded”(references2 and4)

n,

‘xx ‘( ‘)=-a+@4&+*+*ax & az

()av au‘Yx=-~$j+~

Withtheuseofthesymmetryrelationsforsourceflow
,.

—....— -.. —-- .——~ . . —— --— . . .



6 mc~ m 2630

andconditionsforirrotationality,theequationofmotionbecomesfor
three-dimensionalsourceflow

andfortwo-dimensionalsourceflow

(6)

Theequationofener~forthree-dimensionalsourceflowis

U2Fortwo-dimensionalsourceflowtheterm u2/x replaces2~ inthe
energyequation.ThePrandtlnumberPr is given W VCp/k.

By puttingP‘ = p and Pr= ~ inequation(7), the shplecase
2

ofconstanttotalflowenergyisobtained;thatis,

A detaileddiscussionof
appendixA. Intermsof
tion(3)),theconstancy

The
the

compensationofheat

~2
F

+ h = Constant

therelationbetweenv‘ and w isgivenin
theener~ equationinthegeneralform(equa-
oftotalflowenergyisgivenby

kgradT-;” T=O

flowandworkflowis,ofcourse,inlinewith
statementthatnoheatisaddedto“theflow.Thedifferencesbetween

sourceflowwithconstanttotalflowenergyandwithheatadditionare
discussedinappendixB.

Withtheme oftherequiremetiof p‘ = P forconstanttotal.
ener~flow,theequationofmotionforthree-dimensionalsow?ceflowis

.-— ——._ .— .— ——



NACATN 2630

pu&
dx

andfortwo-dimensional

~udu
z

(8)

Intermsofthearea F, whichfortwo-andthree-dimensionalflowis
givenby 2nx and 4Yrx2,respectively,equations(8) and(9) become
identical:

Now,thefollowingsubatitutionssre

~ – P;2

or

p.

where a2=~ 2 %&ll -
value.Withtheassumption

.

andwiththesubatitution

T

(lo)

madeinequations(8)and (9):

isusedasthereference

intheform

thefollowingequationresults:

.—— — . ——.— ._ —-— —-——
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Equations

nondtiensional

(8) and(9) arenowntramsformed
L

by firstwriting~ intheform

.

.

tomakethecoordinatex

. .

obtainedthrough“developm’e-nt’of

()‘d% .“xdxdfi dii–+X2=‘Xdxdlog~ & Z ,
...

Forthetransformationfrom x to logx,multiplyequation(8) and(9)
by x/p;thefollowingequationsresult:

Forconeflow

1
-ldlogp

--
7

(
_’2) +&~ ‘fi 2

()
dii 2+

2Y dlogxl 7 d logX + x2@l - 1#)
\ d logx

1 1 1
~ d% - ~2~(1 _ -&’ dii oJC2#(l- #)z - 2c2ti(l- ii2)
d logX2

dlogx=
(11)

andforwedgeflow

1

z=2~(l-.@)+Gi d=
27 d logX

-$(d::gX)2++ 2c2ii2(l- #)
7 d logx

1 1
-+ -2c2#(l- u + d2~a22ii(l- u

d logX2

,,
,.

= o (12)

_.— ——— — —.
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~ quanti~ C2 iSgivenby

Since~ isactualdya shortnotationfor u/% where~ was
assumedtobe thereferencevalueandsince

C2 maybe writtenintheform

*

r’; =’PO% 7-”1- Vo”
2 —— —= —

pux a. 2 pux

Now,themassflowfortwo-andthree-dimensionalsourceor sinkflow
(wedgeor coneflow)isgivenby ~ ~

pliF= pwll

and

puF=pux24fi

ForwedgeflowthedimensionlessparameterC2>
inverseReynoldsnumber,isa constant;whereas

VoC*.—.pux

or C9 isproportionalto x,

V.
— x = constant
puxa

thedistancefrom
Forthee-dimensionalflowno advantagehasbeen

9

whichhastheiormofan
Forconeflow

(x)

the sourceor sink.
.ohtainedb theintroduc-

tionof logx sincea dependencyOrix: 1shidd~’in C2. Inthe
presentpaper,thesimplercaseofwedgeflow,isdiscussed,since.its
simplicitypermitsa quickgraspofthefundamentalnatureoftheflow
problem.

.

- -. —. — ——.— . . . ___



10 NACATN 2630

Equation(12)canhe simplifiedby introducingthecontinuity
equationintheform

Sinceintheequationthetidependentvariablelogx appearsinmuch
simplerformthanthedependent
simplifiedby an interchangeof

Thisinterchangeis~chievedby

variable=, equation(12)canbe”further
thedepende?rtandindependentvariables.

multiplyingequation(12)by
()
~3

dii

d% .
d logX2

(Y_d210gX dii
d d logX

Therefore,

1-— 1—

&2C2ii(l- #)2 = o ●g’2c2&l - @) 2+ (13)

?’

(14)

.- ———— .-. — —.—.—— -



NACATN 2630

where

I-1

To avoidoddpowersinthecoefficientsfor
tion(14)by introductionofa newvariable

convenience,reduceequa-

@t= J2f!!k@=!2ABA
‘dlogli-dlog ii

suchthatitbecomes

Inthepresentform,ii isalwaysraisedtothesecondpower

)-1 (15)

and,thus,
sincet-i.secondp&er termisfiw~spositive,thesi~-of C2 * -
determinewhethertheflowwillpassinthepositiveornegativedirec-
tionthrougha givenwedge.SpecificaU.y,since

C2=2L=YQ
(x@ pux

C2 willbe positiveif u and x areofthesamesignand~.. ..w

if they are ofoppositesign.Sihce,aspreviouslymentioned,x is
thedistancefromtheapexofthewedge,a positiveC2 signifiesa
flowthrougha divergingwedgesource,whereasa negativeC2 indicates
a flowthrough‘aconvergingwedgesink.,

Thephysicalsignificanceof C2 maybe seenbymakingthesubstitu-
tions(see,forexample,reference6)

= o.499PC7w

and

.

- .- .—.—. —— ——. _ -. ..-— .—.——— —



12 I?ACATN 2630

andby apply@ relationspreviouslyused. Therelationfor C2 becomes

where

(Kl = 0.499$

As maybe seenfromflowtables(forexample,reference7),the
ratio so/u willvarycomparativelylittlefora largerangeof super-
sonicandevenstison3cMachnumbers.ForthesupersonicMachnumber
range,so/u wilJbe representedto a goodapproximationbya constamk
and C2 willbe proportionalto Z/x witha proportionalityconstant
notfarfromone. Thesignificanceof C2,a reciprocalReynoldsnumber,
mayperhapsbe moreconvenientlyseenbythinkinnof x asthewidthof
a givenwedgesectionthroughwhichtheflowpasses.Sincethedensity
isinverse)yproportiotitot~ meanfreepath(reference6), C2 is
abotiinverselyproportional.toboththedensityoftheflowandthe
widthofflowsection.Ifc2= 1 isassumedasa criterionforthe
casewhereviticouseffectsdueto compressibilityareof importance>
theisolatedlongitudinalviscouseffectswillbenegligibleforhyper-
sonictunnelsoperat~ intherangeofatmosphericstagnationconditions
eventhoughtheminimumsectionofthetunnelmaybe smallbasedon
engineeringstandards.Iftheminimumsectionofthehypersonictunnel
isto influencegreatlytheisolatedlongitudinalviscouseffectswith-
outbecomingimpracticablysmalJjthemeanfreepathhastobe increased
totheorderofthewidthoftheminimumsection;thatis,thestagnation
densityoftheflowhastobe correspondinglysmall.Forthree-dimensional
flow C2 ticreaseswiththedistancefromthesourceand,thus,the
tiscouseffectswillbe correspondinglyinfluenced.

Sincethenatureofequation(15)rulesotia closedintegration,
theintegrationisperformednumerically,whichisdoneconvenientlyby
a modifiedisoclinemethod.Themodificationconsistsinrequiring

$-

11
1 = Constantalongthemodifiedisoclinesinthe @’,fiplaneinstead

ofrequiring@“ = Constantas.wo~dbe necessaryfortrueisoclines;
@“/@’ representsreciprocalmibtangents.Theequationofthemodified
isoclinesisgivenby

.

— — ——. ——.
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I

I

(16)

The inte~ation curves h the @!,ii laM are obtained by connecting the slopee on the Isocl.inee
correspondingto VsJ7iouevalueB of F/@, (6.. figs. 1 and 2]. The Megrati.on CWVES in
~‘ ,ii plane are mast conveniently inte~ted in the ‘I,x ylane step by 6tep by means of the
expression

Since the curves @(log H) represeti an integration of the curves ~t(log ii),they are deter-
nd.nedexcept for an arbitrary comtant. The arbitrw constat swans that the curves @(log II)
in figure 3 may be shifted along the X-dsj in other words, the two-parameter family of curves
obtained from the second-order differetiial equation bEEIbeen converted tito a single-parameter
family and a translation fadly. This shifting of the solutions along the x-aSs could have been
predicted from the fact that for two-dimensional flow C2 is Independeti of the distance from

E
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thesource;forthesimpleisenkropiccase,ofcourse,thesoltiionscan
#

alsobe shifted.Itcanbe expectedthatforthree-dimensionalsource
flow,a simpleintroductionofa translationfamilywouldnolongerbe .
possible;thus,a second-orderdifferetiialequationmayhavetobe
solvednumericallyinsteadofreducingtheproblemto themuchsimpler
solutionofa first-orderdifferentialequation.

Theintegrationforeachparticular(integral)curvewasperformed
by startingat somepointoftheflowfieldandfollowingthestructure
ofthefieldfromthereon. Thisstep-by-stepapproachhastheaspect
ofan initial-valueproblem.Sincetheimtegralcurvesinthephysical
planecanbe shMtedalongthex-axis,thecurvescanbe placedina
positionsuchthattheycanbe comparedwiththeintegralcurvesforthe
casewheretheviscouseffectsdueto sourceflowarezero.Inthe
numericalintegrationa choicehadtobe madeforthemagnitudeofthe
parameterC2. ‘O.1 wereselected,sincetrialThevaluesof C2 = -
computationsforvariousvaluesof C2 indicatedthatinthiscasethe
longitudinaltiscouseffectsdueto compressibilitywouldbe compara-
tivel.ysmall.Suchsolutionsshouldbe of specialinterestsincethey
canbe expectedto havecertainaspectsincommonwithboththecases
ofzeroviscouseffectsC2 = O andfiniteviscouseffects.Inorder
to understandfullythecontribtiionofthe’variousaspects,thestrut-
tureofequations(15)or (16)isanalyzedfortheneigliborhoodof C2 = O.

TheNeighborhood

To investigatethe
pliedby C2;then C2

DISCUSSIONOFSOLUTIONS

of C2 = O witha Discussionof C2 = O

neigliborhoodof C2 = 0,equation(15)ismulti-
appearsasa coefficientof ~“,thehighest-

ordertermofthedifferentialequation.Theproblembecomesoneof
decidingwhathappenswhenthecoefficientofthehighest-orderterm
ofthedifferedialequationapproachesO. A similarproblemarisesin
connectionwiththedevelopmentoftheboundary-layerequationsand
equationsof shocksinconstantcrosssectionwhere v (insteadof C2)
approachesO (references1,8, and9). (Thetermshockisusedherein
forcompressionswithfinitev and k aswellasforcompressions
with v+O and k-. ) Generally,forthisty-peofproblem,theeffects
ofviscosityandheatconductionareof sucha naturethattheysmooth
outthediscontinuitiesexistedwhenthecoefficientofthehighest-order
termofthedifferentialequationis setequalto O. Thissmoothingof
thediscontintitiesapplies,ofcourse,onlytotheimmediateneighbor-
hoodof C2 = O. Forthepresentcase,when C2 = tO.1,valueswhich
arefinitebutsmall,sucha processtillbe trueonlya~roximately,but
itisveryusefultiunderstandingtheflowstructure.

—— ——
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c2= o.- Thediscontinuitiesfor C2 = 0,althoughobtainablefrom

physicallyplausibleconsiderations,areobtainedfromequation(15).‘
Eq&tion(15)isrewrittenafter~tiplyingitby C2

()

$
7+1 #.1

@ “=c2@l____—_— -@2 7-1
1-+ +$-7

fi’s~+q- c2@3 = o
u

+

.

(17)

Ifc
f

is setequalto O and fit’remainsfiniteandarbitrary,equa-
tion 17) reducesto

#,2

This equationhasonedoubleroot

@’1,11= 0

(18)

anda thtidroot

7i-l#_~
~T=7-1

,r

whichistheequationforthe
@’ = O axiswillbe theloci
factisillustratedinfigure
of linesdistributedonthese

1-$
isentropiccurve.Theisentroyandthe
offiniteandarbitraryvaluesof @“. This
k(a)representingthe ~’,iiplaneby fans .
curves.Thesolutionsof @‘ = O, orthe

equivalentof d 10gU = m, actuallyrepresentthepreviouslymentioned
d logX

discontinuityiesexistentwhenthecoefficientofthehighest-orderterm
ofthedifferetiialequationis setequalto O. Forthesmoothingof
thediscontinuitiesby viscosity,thehighest-ordertermofthediffer-
entialequationhastobe keptfinitewhichcanbe accomplishedby

—-. . . —.—— --— ———— ..— ———-— ——



16 NACATN 2630

making@“ equalto OJ(seedashedlinesinfig.h(a)).Then,Sfice
Cd” isindeterminate@’ canassumeanyvalueto compensateforthe
indeterminateterm.-Because@’ isarbitrarytheconnectionsbetween
theisentropeandthediscontinuities@* = O canbe establishedat
everypoiutoftheisentrope.Theseconnectionsrepresentthesmoothing
effectsinthetietiryonicstage.Thelettersinfigure4 aregivento
correlatethe(a)and(b)parts.

Sincethediscontinuitiesdonotfollowtheisentropiclaw,entropy
variationsoccur.(Theentro~balanceisgiveninappendixC.) T!he
entro~variationsforthediscont~tiescanbe understoodfromthe
factthattheviscous-tiresstermsandtheheat-conductionterms(since
thetotalflowenergyisconstant)areessentiallygivenby

Forgivenvaluesof p, u,and du theviscouseffectsareconstantif
C2 and dx/x decreaseproportionatelydownto O. Foran infinite
valueof x (froma sourceof infinitestrength),C2 = O me~s flow
througha constarrtcrossSedionj thereductionofthesource-flow
equationsto shockflowina constantcrosssectionisgivenin .,
appendixD.

Sincethevelocityofsourceflowdependsonlyonthedistancefrom
thesource,flowdiscontinuitiesmayalsoarisebecauseofthetermina-
tionof sourceflowby amadjoiningnon-sourceflow.Dependingonwhether
thecross-sectionalvariationatthejunctionofsourceflowandnon-
sourceflowisdiscotiinuousinthefirstderivativeor isdiscon:;n:us
itself,theterminatingflowdiscontinuitiesarerepresentedby ~ - m
orby velocityjumps.Naturallythesourceflowdoesnothavetobe
terminatedby discontinuitiesh thecross-sectionalvariationatthe
Junctionor itsfirstderivative;rather,terminationof sourceflowsis
possiblefordiscontinuitiesinanyderivative.At thejunctionofnon-
source-flowboundarieswithsource-flowboundaries,thesymmetryof
sourceflownolongerholds.Sincethepresentcalculationsdealwith
puresourceflow,theyneglectthedisturbanceoftheflowsymmetrydue
totheterminationof sourceflow.Such’~tric@J- effectsW~ tend
to disappesrforslightlydivergingsomceflows(orslightlyconverging
sinkflows)sinceforthemtheflowvelocitytendstobe constantina
givenflowcrosssection.

.

..-. — ——— --— — ___— . . ——



3Y NACATN 2630 17

Thediscontinuity~ = m at sonicvelocityisduetothefact

thata nonviscoussourceor sinkflowisalsoterminatedorlikitedas
itcannotpassbeyondthelocationwherethesonicvelocityoccurs.For
two-dimensionalsourceflowtheso-called“limitingline”(reference10)
oftheflowisa circleat sonicvelocity.Becauseoftheuseof sym-
metricalconditionsof sourceflow,inthe’presentcasethelimiting
,lineappesrsas a pointofthe isentropat M’=1 inthephy-sical
plane (ii,x).

Theimmediateneighborhoodof C2 = O.-In investigatingthe
immediateneighborhoodof C2 = O (seefigs.5 and6),thepmpse is
notto givea detailedmathematicalaccoumtofthe“neighborhoodproblem”
butratherto inspectequation(15)forcertainfeatmeswhichshould
givean tiightintoitssoltiionswithoutrequiringactualintegration.
SinceC2 isnowfinite,thoughinthehmediateneighborhoodof0,the
rightsideofequation(17)willno longerbe O forfiniteandarbitrary
valuesof @“ md thussomeofthes~licity inherentinthesolution
for C2 = O willbe lost.Equation(15)indicates,however,thatfor
finitevaluesof C2 theequalityofO of itsrightside(whichalso
resultsin $?$”= O)wil.l,givscertainusefulrelations.Namely,the

~“= O axiswillnotonlybe a locusofconstantslopes d~’ _fitl
d logii

butalsoan integrationcurve(inthe @‘,= plane)sinceitsownslope

,s L=O.
d logii Since.theintegrationcurvesofequation(15)cannot

crosseachother,asthecoefficientsofequation(15)we single-valued
functionsof ii,thefactthattheintegrationcurve @‘= O isa
straiglitlinecanbe usedfororientationamong~heinfinitegroupof
integrationcurvesinthe @‘,iiplane.Throughinspectionof“fl’1~-
tion(15),orientationisalsofiossibleinthedirectionfiel~. .4Uy

* . @’;. constant(inthe j$’,iiplane).thecurvesalongwhich d ~o~~

Sincethedirectionfieldgi%n by equation(15)iscontinuous,each
curveofthesystemofallcurvesof @“ = Constantfurnishesa dividing
linefortheslopes@“ in,theplane @‘,ti.Similartowhatwasdone
previouslyfortheintegrationcurves,oneparticulw&i@dinglinefor
theslopesischosenfororientationam9ngthelinesof constantslope@“
inthe #’jiiplane.Thedividingline ~“ = O ischosensfnceinthat
caseequation(15)’yieldsasonesoltiion“the@l = O axis.Thegeneral
trendoftheothertwosolutionsofe@ation(15)for-@“ = O “(orofthe

, g)’slightlymodifiedequation(16)for ~“= O fortheimmediate.’neighbor-

$-

11
hoodof C2 ..= O ietakenfr”bmfigures1 and2 wherethe , =,0 curves

aregivenfok C2 = *0.I. l?krther,fororientationinthe-direction
.

-——. .——-— .—— -—— ————— . .. ——. —



18 NACA~ 2630

field,thefactcontainedinequation(15)canbe usedthatas @’
tendsto infinity,@“ (t~ slop-etithe @’,fiplane)willdothesame.
Theonlyexceptionisthatwhenthecoefficientoftheterm ~‘3,which
hasthehighestdegreeinequation(15),becomesO,then ~“ willbe
indefiniteforan infinite@‘.

Thedirectionfieldsinthe #‘,E planeforthepositiveneighbor-
hood C2 = +0 (f’ig.5)andthenegativeneighborhoodC2 = -O (fig.6)
of C2 = O maynowbe constructed.Inorderto obtaina clearillustra-
tion,thesizeoftheregionsoffiniteslopes(furnishingthesmoothing
effects)hasbeenexaggeratedinfigures5 and6. Thefollowingfeatures
intheneighborhoodsoltiionsmaybe singledout. Fortheimmediate
neighborhoodof C2 = O integrationcurvesexistwhichessetiially
remainintheneighborhoodoftheisentropiccurvefor C2 = O. The
directionfieldsalsoindicatethatintegrationcurvesdueto compres-
sionshocksordueto flowchangescausedby terminationof sourceor
sinkflowwillpracticallyjointheneigliborhoodsolutionsofthe
isentropiccurves.Infi~es 7 and8 a summaryofthebehaviorofthe
integralcmvesfortheimmediateneighborhoodof C2 = O ismade.The
arrowsinthesefiguresindicatethevelocityincreaseanddecreasecorre-
spondingto source(C2=+O) andsink (C2= -O) flow,respectively.

Thecurvesoffigures5 to8 arenumbered(asfaraspossible)in
accordancewiL&thecomparativecurvesinfigures1,2,and3. Curves1,
2,and3 applyto thecaseof C2 = +0 orsourceflow.Curve1 repre-
sentsan expansionforinfinitesourceflowandis essentiallydueto
thesmoothingbyviscositybetweenthediscontinuitylimitingtheflow-
at sonicvelocityandthesupersonicbranchoftheisentrope.Curve2
representsa compressionshockininfinitesourceflow.Behindthe
shock,subsonicvelocityexistswhichmaybe deceleratedto zerointhe
divergingsourceflow.Curve3 representsthesmoothingbyviscosityof
expansionflowduetoterminationof sourceflow.Thecurves4, 5, and6
representcorrespondingeffectsfor C2 = -O or sinkflow.Thecurves
arediscussed in greater detail forflowswith C2 = -@l, presentedin
figures1, 2,and3.

Now,a comparisoncanbemadebetweentheflowstructuresfor%he
immediateneighborhoodof C2 = O andfor C2 = O. Fortheimmediate
neighborhoodC2 isfinite,thoughsmall,andthusona strictmath-
ematicalbasisthedirectionfieldsofthedifferentialequationaresuch
thatallthesolutionsarerepresentedby separatecurves.Figures5
and6 forthedirectionfieldsoftheimmediateneighborhood~howeverj
indicatethatsolutionsdueto shocksorterminationofsource-or-sink
flowboundarieswilljoinforallpracticalpurposestheneighborhood
solutionsoftheisentropes.For Cp = O,thejunctionsbetweendiscon-
tinuouschangesandtheisentropearecorrectona strictmathematical

-—— —— .— .-.—.—
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baBis.Forall
certainaspects
for C2 = fO.1

practicalpurposestheneighborhoodcasestillhas
whichwereexactforthecaseof C2 = 0. me solutio~
giveninfigures1,2, and3 indicatethatthetiscous

smoothingeffectof discontinuities,duetoterminationof sourceor
sinkflowor dueto shocks(w~O, k+O) in infinitesourceor sinkflow
(C~S 2, 3,5, 6, and7), will.approachtheexpsmi.oncurves1 and4
forinfinitesourceor sinkflowwithsufficientrapiditysothatthey
maybe joinedtiththemforallpracticalpurposes.Inotherwords,the
plottedsolutionsforthefinitevaluesC2 = to.1
thosefor C2

arecloseenoughto
= O to showthetypicalaspectsofthemediate neighbor-

hoodsolutionsC2 = +0 and C2 = -0.

TheCaseof C2 = *0.1

Then~ericalintegration,aspretiousl.ystated,wasperformedby
startingat somepointoftheflowfieldandby followingthestructure
ofthefieldfromthereon. Inintegratingthisinitial-valueproblem,
onlytwocurvesinfigures1, 2,and3,curves1 and4 (whichmaybe
shifted),existwhichextendfromtheneighborhoodofthesourceor sink
to infinitywithoutbeinginterruptedby curvesrapidlydeviatingessen-
tiallyinanexponentialmanuer.Forfinitevaluesof C2 therapidly
deviatingcurveshavetobe actuallyseparatecurvesfrom1 and4,but

‘0.1 a junctionwillstillbe correctforforthesmallvaluesof C2 = -
allpracticalpurposes.Sincetheexponentiallydeviatingcurvesapproxi-
matelyJointhemoregradualcurves1 and4, integrationisadvisablein
thedirectionoppositetothatinwhichtheexponentialdeviationsare
expectedto occur.Otherwise,difficultieswill.beencounteredinfitting
thesesolutionsintooneparticularexponefiialdeviation(withcertain
~tid. ~hes @ and @’)ofthegradualSOltiiOIIS as eWbite61 hv
CL1l’’VeS1 and4. Similardifficultieswerefoundintheanalys~ -uLeL””-
ence11,whichdealswithone-dimensionalshockflowforarbitraryPrandtl
numbers;otherfundamentalaspectsofthatflowstructurearepresented
ina veryclearmannerinreference12.

Curve1 infigures1 and3 istheequivalentofcurve1 infigure5.
Itthusessentiallyrepresentstheviscouscounterpartof isentropicexpan-
sionflowforthecaseofan infinitedivergingwedge.Curve1 wasshifted
alongthex-axisintosucha positionastomakepossiblea comparison
withisentropicflowthroughthessnearearatio.

(
Itshouldbe noted

%2 F2

)
that log~ - logxl = log== log—.F1

,,

.

. . -._— .——..—.
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Curve2 represetisa compressionshockforinfinitesourceflow;
itsvelocitydistributionisessentiallythesameas inthewell-known
shockinconstantcrosssection.Curve3 representsan expansiondueto
terminationof sourceflow.Curve4 representstheexpansionflow
throughan infiniteconvergingwedge.Theflowstartsat zerovelocity
andgoesthroughthesubsonicrangeandthenessentiallysmoothsoutthe
regionwhichisabruptlylimitedat sonicvelocityforisentropicflow.
Thesurprisingthingaboutthisexpansionflowisthatitpenetrates
beyondthesonicsectionortheminimumsectionforisentropicflow.
Themeaningofthispenetrationisdiscussedstisequemlily.Curve5
representsa compressionshockinconvergingsupersodcinfinitesink
flow.Sucha shockisactuallyunstable,butsuchconsiderationsdo
notenterintothepresentproblem.Curve7 representsanothercompres-
sionshockforinfinitesinkflowwhichisunusualinthatitisentirely
inthesupersonicregion.Itsexistenceispossiblebecauseexpansion
curve4,forconverging-wedgeflow,penetratesintothesupersonicregion.
Finally,curve6 represetisanexpansionduetoterminationofsinkflow
inthemibsonic-flowregion.Shock7 followsmorecloselythetrendof
supersonicisentropiccompressionthandoesshock5. Curveswhichwill
followthistrendevenmorecloselycouldhavebeengiven.Inconnection
withthepossibilityofexistenceof suchvariouscompressioncurves,it
shouldbe notedi-hatfornonviscousflowthroughconvergingwedges,
solutionsdoezstiwithshocksandwithoutshocks.

Sincethestructureoftheflowfieldhasbeentreated,certain
generalaspectscannowbe discussed.Forexample,infigure3 the
curvesrepreserrtingviscousflowsolutionshavea smallerslopethanthe
correspondingcurvesfor Cp = o. Thissmallerslopeisimmediately
apparentforcurveswhichfor C2 = O arerepresented.bydisconti-

—
nuitiesQ& = co orlinesofdiscontinuities.Suchisthecaseforthe

shocks,curves2 and5,andforsource-flowterminationswiththeappro-
priateboundarychanges.(Seecurves3 and6.) b ofierto indicate
thefactthatcurves1 and4 havea smallerslopethantheirisentrapic
(C2 = O) counterpart,theisentropehastobe shiftedalongthex-axl.s.
Thesmallerslopeoftheviscous-flowcurvesmayalsobe expressedby
thestatementthattheviscousflowrequiresa largerarearatioto go
througha givenvelocitychangethandoesthecorrespondingflowfor
C2 = o. Thisbehaviorcouldhavebeenmoreorlessexpectedexceptfor
thecaseofviscoussinkflowconvergingtothesectionwhereM . 1,
givenby curve4. Namelyjviscouseffectsalonearelamwn(forexample,
reference2)to causea givenmassflowapproachingM = 1 to require
a largercrosssectionthanthesameisentropicmassflow. In other
words,forviscouseffectsalonetheflowapproachingM = 1 canonly
passthroughsmallerarearatiosthanthesameisentropicmassflow.
Thereasonforthefactthattheflowgivenby curve4 requiresa larger
arearatioisbasedonthefactthatheatcanbe conducteddownstreamin

— -. .—— .-— -.-——— .__. .
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thepresentcase. In summary,thisbehaviormeansthatthefamiliar
heat-conductioneffectscombinedwiththepeculiarlongitudinalviscous
effectsalone(notransverseviscouseffects)maycausea givenmass
flowtopassthrougha crosssectionsmallerthantheisentropicminimum
section;in otherwords,a largermassflowmaypassthrougha given
isentropicminhumcrosssectionthanforisentropicflow.Thisproblem
isdiscussedin greaterdetailina subsequentsectionandinappendixC.

Now,a fewgeneralaspectsoftheconnectionoftheshocksand
terminatingsolutionswiththesolutionsforinfinitesourceorsink
flows,curves1 and4, canbediscussed.Figures1 to 3 showthatfor
flowthroughdivergingwedges,sourceflow,theexponentialdeviations
fromtheexpansioncurve1 becomelargerinthedirectionofincreasing
velocities(seecurves2 and3). Forconverging-wedgeflow,sinkflow
theexponentialdeviationsintheneighborhoaloftheexpansioncurveL
increasewithreducedvelocities(seecurves5 and6). Sincebothexpan-
sionflowsare,ofcourse,inthedirectionsofincreasingvelocities,
theeffectsofsticksandsourceorsinkterminationswillpenetrateboth
upstreamanddownstream.Thenatureofthecriterionsforupstreamand
downstreampenetrationcanbe seenfromthesimpleexampleoftheshock
in constantcrosssection;namely,sinceonlyshockfromsupersonicto
subsonicvelocitiesarepossible,theeffectsofa compressionshockwill
penetrateupstresmonthesupersonicsideanddownstreamonthesubsonic .
side.Thesamebehavioris exhibitedforthepresentcaseofsource
flow.Forexample,curves2 and3 indicatethattheeffectsofshockor
terminationofsourceflowpenetrateupstresminthesupersonicregion
ofexpnsioncurve1 ofthesourceflow;whereascurves5 and6 indicate
thatthesameeffectspenetmtedownstreaminthesubsonicregionof
expansioncurve4 ofthesinkflow.Theshocksshow,of course,both
typesofpenetration.Effectsofshock2 penetratedownstreamandjoin
thesubsonicpartoftheisentrope.Forthepresentcasesofsourceor
sinkflow,exceptionsexisttothesecriterionsof subsonicandsuper-
sonicpenetration.Forexample,shock7 penetratesdownstreamintothe
supersonicvelocityregionofcurve4. Thisparticularsupersonic
velocityregionis characterizedby thefactthatcurve4 is continued
to ~ valueswhichwouldhavebeenprohibitedforthecasethat C2 = O.
Thebehavioroftheexponentialpenetrationmaythusbe summarized.In
theflowregionswhichwerenotprohibitedinthecaseof C2 = O, flow
changes(forexample,likethoseof shocksin infinitewedgeflowordue
to terminationofsourceorsinkflow)willpenetrateupstreaminsuper-
sonicregionsanddownstreamin subsonicregions.Inregionspro-
hibitedfor C2 = O,thenatureofthepenetrationeffectifgivenby
thecharacteroftheflowofthecorrespondingexpansioncurvebeforeit
enterstheregionprohibitedforthecaseof C2 = o.

Certainlimitationsofthesolutionsinfigures1, 2,and3 exist
whichareofimportancefortheinterpretationoftheseresults.I?or

.
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example,curve1,theexpansioncurveforinfinitesourceflow,will
notreachthemaximumflowvelocitybutratherwillbe asymptoticto
a velocityequalto about0.7ofthemaximumvelocity.Theexistence
ofanasymptoteforviscousexpansionflowthroughthedivergingcross
sectionof sourceflowortheexistenceoftheasymptoteitselfasa
monotonesolutioncouldhavebeenexpected.However,theasymptoteis
reachedforthecasethatthenormalstress~ = 0,whichisa condi-
tionforwhichtheNavier-Stokesequation
applicability.

TheLimitsofApplicabilityofthe

Basedonthekinetictheoryofgases

reactisitslimitof

Navier-StokesEquation

(seediscussionofBurnett’s
workinreference13 (especiallyp. al)),theMaxwelldistributionis
regardedasa firstapproximationoftheBoltzma.nnequationforthe
generaldistributionfunctionandtheviscous-dresstermsoftheNavier-
Stokesequationareregardedas a secondapproximation.Thelimitof
applicabilityoftheNatier-Stokesequationisconsideredtobe reached‘
orpassedwhenthetermsofthethirdapproxhationreachthesameorder
ofmagnitudeasthetermsofthesecondapproximationintheNavier-
Stokesequation.Actually,ofcoume,no shaxplimitexistsforthe
applicabilityoftheNavier-Stokesequation,butthereachingofthe
sameorderof second-ad third-approximationtermsisa sufficiently
broadcriterionorbarriertobe generallyaccepted.A discussionof
thelimitofapplicabilityoftheNavier-Stokesequationisfurthermore
shplifiedby thefactthattheratioofthethtrd-appro-tionterms
andthesecond-approtiationtermsisofthesameorderastheratioof
thetermsofthesecondapproximationandthefirstappro=tion (see
alsoreference14, p. 453). Forthepreseticase,thelimitofapplica-
bilityoftheNatier-Stokesequationisreachedwhentheviscousstresses
reachtheorderofmagnitudeofthefluidpressure.

Sincethepresentsolutionisbasedontheconditionw’ = p,the
normalstresses%x and ~ are(references2 and4)o.

and

—.———. — ._——— ..-—-————--—
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Actually,a choiceexistsbetweentwolimitsof
Navier-Stokesequation;onefor

applicability

23

ofthe

andtheotherfor

Intermsofthevariablesusedinthepresentpaper,thesetwobreak-
downcriterionsareexpressedby

and

‘()-, W2 ~2 dlogx=l=—
w~

‘xBreakdown
‘-’ F*d’o”

Since = 2 ispositive~ecauseit isrelatedthroughthe
temperatureT to thenecessarilypositiveviscosity,thefirstbreak-
downcriterionp = ~~ hasa meaningonlyforpositivevaluesof C2,
thatis,forflowthrougha divergingwedge.For C2 = 0.1 and 7 = 1.4
(forair),ii= 0.7095.Thisvalueistheasymptoticvalueforwhich
thegradient~ isO fortheexpanf3ion

divergingwedge(curve1,figs.1 to 3).
divergingwedgeflowwillhavetobe cut
tion p = 2p~ resultsalsoin ~=o;

flowthroughan infinite

Also,allexpansioncurvesfor
offat E = 0.7095.Thecondi-
thus,thestressnormalto

thestreamlinesisO. Theflowofthegasisthusnolongerforcedto
followthedivergingstreamlines,or,inotherwords,ifthedivergence
ofthewedgeweretobe increased,theflowwouldnolongerfollow.

Twopossibilities,thoseofexpansionandcompression,existfor

thesecondbreakdowncriterionp = @ ~. Intable1,theratiosof

(*)Plot ‘0 (%)Brea~do~ ‘u

aregivenforthevariousintegration

-—. . -—— —. —.__——— --- .—— ..— — ————
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curvesin figure3. Theseratiosareequalto ratiosof

.

where @‘ istheordinateinfigures1 and2.

TableI indicates,forexample,thatforcompressionshocksinfig-
uxes1,2,and3,breakdownoftheNavier-Stokesequationwilloccurin
certainflowregionswithintheshockssimilarlytothewell-knowncaseof

\
one-dtiensionalshocks.

[
It shouldbe pointedoutthatthebreakdown

Pcriterion— = 1 islesssevereforcompressionsthanforexpansions
~&

dx
\forwhichitcoincideswith ~ = O. Thetable,furthermore,shows

that fortheexpansioncurve3 based~n sourceflow,breakdowndueto

P = ~~ (ii= 0.7095)occursbeforebreakdowndueto p = 2M~. The

tablealsoindicatesthatthebreakdownoftheinfinitesource(curve1)
andsink(curve4) solutionswilloccurinthoseflowregionsinwhich,
forisentropicflow,no solutionswouldhaveexistedatall. Such
behatiorwasalreadysuggestedinpretiousconsiderations.

As isindicatedby C2 = Constant(x) forthree-dimensionalsource
flowwithconstanttotalenergy,theltmitofapplicabilityoftheNavier-

P

Stokesequationwfllbe reachedsoonerthanfortwo-dimensionalflow
(C2= Comtant)if x increasesandlaterif x decreases.Sincethe
equationsfortwo-andthree-dtiensionslflowdifferessentiallyonlyby
thedependenceof C2 on x, forflowchangesinsmallregions(small
changesin x),lh’ thoseoccurringintheregionsofshocksandflow
termination,onlya smaLldifferencewillexistbetweentwo-andthree-
dtiensionalflow.

Flowthrougha CurvedMinimm’SectionJoinedto a SinkFlow

Sficea compressiblesourceor sinkflowcannotreachthesource
or sink,theproblemarisesconcerningitscontinuation.Theproblem
isof specialinterestinthecaseofthesinkflowgivenby curve4
whichisableto penetratebeyondthe M = 1 section.Inthissection
flowina’flowfilamentthrougha curvedndnimumsectionjoinedtothe
sinkflowistreated.Sincetheexpansionflowofcurve4 passesto
smallercrosssectionsthantheisentropicminhumsection,itwould,,
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appearplausibleonfirstthoughtthattheflowwouldalsopassthrough
thecurvedminimumsection.Ina curvedminimumsectionjoinedto the
sinkfloworconvergingwedgeflow,thecrosssectionisfurtherreduced,
however,belowitsvalueatthejunctionand,thus,a sepsrateinvesti-
gationhas-tobe madeby solvingthedifferentialeq&tionforarbitrary
boundsryshapes.

Sticethesolutionwouldresultina laboriousnumericaltask,an
attemptwillbe madeto gaininformationby a studyofthenatureof
thedifferentialequationtithoutactuallysolvingit. Forthispurpose,
thetwo-dimensional-flowequations@l notbe investigated,butequa-
tionssimplifiedbyassumingtheflowtobe quasi-’one~ensionalwith
slightlyvariablecrosssection(filamentflow)willbe investigated
instead.(Theactualtwo-dimensionalflowthroughthecurvedminimum
passage,umlikethewedgeflow,alsocontainstransverseviscouseffects.
Theseeffectsare,however,eliminatedforthesimplifiedcaseof
filsmentflow.) Forthiscase,theflowequationsmaybe writtenin
thesameformasforwedgeflow,withtheonlydifferencethat F is
no longerequalto 2= ‘butthatthevariationofiF as a function
of x andtheflowvariableswe arbitrary.Thefundamentalequations
aretransformedin sucha mannerthattheeffeetoftheflowvariables
onthevariationincrosssectionmy be easilyrecognized.

Aftertheexpression

is substittiedinequation
thefollowingform:

(10),theequationofmotionisobtainedin

Thecontinuityequationis
,.

Also,forthe
determined,

,.

presentcase

T

pi?..= constant= c3 ;... , ~

ofconstant-energyflow,aspreciously

7-1= ~ .%X%l..-.nz).,,-L-
.,-: ‘., ,.. . ,,
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Now,theequationofmotionmaybe rewrittenas

or

where

E3 = pa?

Therelationbetweenfin and p = pRT maybe bittenas

[

~q~3(l-w
g = ~+~ 47c1 iiF

Iftheprecedingexpressionfor ~ is

tionfor
d210gF
d

, themodifiedformofthe

obtained:

-1

‘X’ ‘(.;w$.b(kd210gF

substitutedintotherela-

Navier-Stokesequationis

(19)

r

.

.

—— ——. —— —-——–—
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Fordeterminingtheconfectionofa curvedmimbnumpassagetothe
flow(givenby curve4),itshouldbe recalledthatthereason
thesinkflowcouldbe continuedorilyupto a certaindistance

beyondtheisentropicminimumsectionwasthebreakdownoftheNavier-
Stokesequation.Theshapeofa nonisentropicminhumpassageisthus
limitedby therequirementthat m~>o. Since,beyondtheisentropic
minimumsection,theI?avier-Stokesequationisclosetothebreakduwn
criterion(seetableI, curve4),theconditionfortheminimumpassage

dfim
willbe introducedinequation(19)that fim= Const~ or —=0.

dx

Inorderto determineinprincipleiftheflowwillpassthrougha
smallerthanisentropiccurvedminimumsection,itappearedmoreexpedient
to investigatethefundamentalbehaviorofequation(19)by simpleinspec-
tionratherthanby integration.Sincetheentropybalance(appendtiC)

isindirectlycontainedinthemodifiedNavier-Stokesequation,~ has

tobe positive;furthermore,fortheconverg@ partoftheminhum

passage~ isnegative.Thus,if li doesnotexceeditsphysical

limitsandthusinvalidatestheresult(thisTroblemisdiscussalsubse-
d210gF tillr~ti ‘positive.quently), ~ In orderto understandthe

meaningofthiscondition,thevariationof,thecrosssection,
d210gFspend.ingtothesimplecases
&

be’brieflydiscussed.Inte&ationof

= constantd“ d210gF
&

d210gF
o = Constaht=A

w.

l@+Bx ~ ‘.’ , “
F=Ce2 ..

..

whereA, B, and C sreconstants.“

F COrre-

= o till

resultsin

Now,sinceatthejunctionoftk”convergin&&dgeandthecon-

nectingpiece*f s negative,B willbe negative.ThequantityA
;, .,..’.. .’,. :..

ispositivesinced210gF ~s tobe ~~iti=.-.TIEq&tity e.:raised
., d ,-

tothenegativevalueofa powerof
.

x willbe re~resentedby’a curve
asymptotictothe positivex-axis.However,the,quantity-~e.raisedto-
thepositiveval~ of.the,,power,ofx wi~ be apmptotic.to,the,negative.. .. ,1”.

..— —--. ..— -.—
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x-axisand,thus,wtllpositivelyincrease.
tionisConnectedwith X2 andthenegative

NACATN 2630

.
Sincethepositivecontribu-
contribtiionwith x,the

positivecontributionwillbe thedecidingoneand dzlogF -~~ forma .
~2

variationof’crosssectionwhichhasa mi&mumsectionandincreases

downstreamofit. Theconditiond210gF = O whichdoesnotagreewith&2
therequirementofa positive~ willyield

1’
F = CeBx

wherea negativeB representsa curveasymptotictothepositive
x-axis.

Finally,itisinvestigatedby inspectionwhether~ exceedsits
physicallimits.A lackofa limitingvalueof E, coupledwiththe
continuityconditionandotheravailablerelations,willindicatethat
theotherflowvariableswillnotreachlimitingvalues.Thus,the

problemariseswhethertherequirementofa positive‘~ maycauseii
to increaseto itslimittigvalueIi= 1. If V approaches1,the

firsttermintheexpressionfor dii~, uponeliminatingthebrackets,till
goto O andthesecondtermwillgoto Whl.@j sincethesecondtermis
subtractedfromthefirstterm,thisbehatiormeansthatas Ii goesto 1, .

$$ becomesnegative,whichagainindicatesthatactuallyE = 1 willnot
-—

be reached.A checkofwhether~ willactuallyremain~ositiveas
ax

indicatedby theentro~balanceCtidtiectlycontainedinequation(19))
canbe madeto someextentby simpleinspectionofequation(19).(Such
a checkwillalsoshowM anyunexpectedirregularitiesoccurinequa-
tion(19).) Theterminparentheses

( -2
&&3 )

constantc+-— ‘ZI

indicatesthatfor ii= ConstamtanddecreasingF thefirsttermin
theFefiheses~~ ~rease~ ~d s~ce *M secondtermisa co~t~t>
-a
dx
doesnot

tionsdo

remain~ositive.Thefactthatthefirsttermincludes1 - %

affecttheconsiderationssinceE = Con&ant.Theseconsidera-

notyieldinformationconcerningtheminimumsectionitselffor

———— .-. -—. —



mcAm?2630 29

which~ = O or forincreasingcrosssections.Fortheseconditions,
dx

asforallotherstatesatcrosssectionssmallerthantheisentropic
minimumsection,theerrtro~balance,aspreviouslystated,‘yields
sufficientinformationforthepresetipurpose.Forincreasingcross
section,thefirstparenthetictermontherightsideofequation(19)
willtendto reachO aftera while.AmOre exactinvestigationofthe
caseofvariablecrosssectionisnotwithinthescopeofthepresent
paper.

Similarto theflowpassagethrougha mimhumsectionof sinkflow
alone,forthecaseofflowthrougha curvedminimumsectionjoinedto
a sinkflow,theflowpassagethrougha crosssectionsmallerthanthe
isentropicminimumcrosssectionispossible.Inotherwords,a larger
massflowmaypassthrougha givenisentropicminimumcrosssectionthan
forisentropicflow.Thesignificanceoftheresultcanbeamplified
by a comparisonoftheconditionsofmassflowthrougha minimum
sectionfort4ecaseoffree-molecularflowandthepresentviscous-
flowcaseforwhichthetransverseviscouseffectsareneglected.Since
theresultsobtainedtithepaperapplynotonlytominimumsections
of sourceor sinkflowbutto curvedminimumsectionsingeneral}an
especiallysimplecaseoffree-molecularflowcanbe chosenfora
comparison.It isthecaseofeffusivemolecularflowfroma vessel
(reference6),forwhich,similartothepresentviscousflow,no shear
attheflowboundarieswillexist.Thereasonthatfree-molecular
sourceor sinkflowcouldnotbe chosenforcomparisonisthatthe
conditionsofmolecularchaosonwhichtheMaxwelldistributioni~based
arenolongerfulfilledforsourceor sinkflowwhereallmoleculeshave
to leaveorentera givenpoint(threedimensional)orline(twodimen-
sional). Themassflowforthespecialcaseofeffusivefree-molecular
flowis (reference6)

(forair, 7 = 1.4)

wherethesubscripto refersto stagnationconditions.Theisentropic
massflowthrougha minimumsectionisgivenby (seereference7)

0.5T9aopo (forair, 7 =

Thus,the“veryviscous”effusivefree-molecular
flowthantheisentropicflow. In contrast,the

1.4)

flowhasa smallermass
presentsolutionofthe

Navier-Stokesequatio~,dealingonlywiththelongitudinal@SCOUSeffects,
mayhavea highermassflow.Thusinthisrespect,theviscousflow

———. — .—...— — __ —. —
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0
followthetrendofthefree-molecularflow.Themainreason
exceptionalbehavioroftheflowapparentlyliesinitsability

to sendener~ head (byheatconduction),whichcannotoccwrfor .
isentropicflow.Thequantitativenatureofthistrendstillhastobe
determined,namely,whetherthetrendtowardslargermassflowindicated
by thepresentsolutionoftheNavier-Stokes equation will yield much
higher,ornegligibly Mgher,maximumvaluesthantheisentropicflow
beforethemassfluwdropsto thevalueforfree-moleculsrflow. In
orderto checkthistrendquantitatively,a moreexactrelationthan
the

and
the

Navier-Stokes equation should be investigated.

A studyofthesolution
sinkflowsofa viscous,
followingconclusions:

CONCLT1310NS

oftheNavier-Stokesequationsforsource
heat-conducting,compressiblefl~d yields

1.Thefundamentaleffectoftiscosity’andheatconductionisa
smoothingoutoftheflowdiscontinuitieswhichexistwhentheviscous—
effectsdueto sourceflowtiezero.Suchsmoothingeffectsofflow
discontinuitiesarewell-knowninboundary-layertheoryandone- “
dimensionalshockflowtheory.

2.Theinfluenceofthefamiliarheat-conductioneffectscombined
withthelongitudinalviscouseffectsalone(notransverseviscouseffects) ‘
ona flowwithconstanttotalenergymaycausea largermassflowto pass
througha givenisentropicminimumcrosssectionofa sinkflowthanfor
isentropicexpansionflow.Thereasonforsucha surprisingbehavioris
thatheatmsybe conducteddownstream.Thesameeffectappliesalsoto
flowthrougha curvedminimumsectionjo-inedto a sinkflow.~is trend .
doesnotfollowthecomparablecaseoffree-molecularflowthrougha
minimumsection,sincethefree-molecularflowwillhavea smallermass
flowthanthecorrespondingisentropiccase.Thequantitativenatme of
thisdifferenttrendshouldbe investigatedwithrelationsmoreexact
thantheNatier-Stokesequation.

.,

3. Thesolutionsforviscous,heat-conducting,compressiblefluid
requirelargerarearatiosforthepassageofa fluidthrougha given
velocitychangethandothecorrespo&ingsolutionsforthecasesthat
theviscouseffectsdueto sourceor kinkflowarezero.

h.Theorderofmagnitudeofthelongitudinalviscouseffectsis
indicatedby a dimensionlessparameterhavingtheformofa reciprocal
Reynoldsnumber.Thisparameteris independentofpositionfromthe
sourceor sinkfortwo-dimensional’flowandincreaseswiththedistance

.— —.__——— —- ——-.—— .—-
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forthree-dimensionalflow.Theparameterindicatesthattheisolated
longitudinalviscouseffectsshouldbe negligibleforhypersonictunnels
operatingintherangeofatmosphericstagnationconditionseventhough
theminimumse$tionofthetunnelmaybe smallbasedonengineering
standards. Iftheminimumsectionofthetunnelisto influencegreatly
theisolatedlongitudinalviscouseffectswithoutbecomingimpracticably
small,themeanfreepathhastobe increasedtoreachtheorderofthe
widthofthemiuhnumsection;thatis,thestagnationdensityofthe
flowhastobe correspondinglylow.

LangleyAeronauticallaborato~
NationalAdvisoryCommitteeforAeronautics

LangleyField,Va.,October26,1951

..

.
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by

APPENDIXA

DISCUSSIONOFTHESECONDVISCOSITYCOEFFICIENTP’

FROMTEEGAS-DYNAMICAl?l%OACH

Theexpressionforthesecondviscositycoefficietiv’,given
Busemanninreference2, is

(Al)

where n representsthenmiberofdegreesoffreedomandisobtained
by compsringtheexpressionsforthenormalviscousstressT= based
oncontinuumtheoryandMnetic-gastheory.Thetwoexpressionsare

(A2)

(A3) “

where~ isa co~tad.

Theseequationsindicatethatifonlythethreetranslational
de~eesoffreedomofa moleculehavetobe considered,thatis, n = 3,
P’ willbe O. Sincetheexistenceof v‘ isdueto excitationof
theinternaldegreesoffreedom,a briefdiscussionof itsrelationto
thewell-establishedtime-lageffeetshouldbe ofinterest.Theuseof
thiseffectingasdynamicsisdiscussedinreferences15 and16,and
theapplicationtoultrasonicsisgiveninreference17. (Alsosee
bibliographyofreference17.) l%ee~ressionof p‘ throughthetime-
lageffectisobtainedby modifyingtheeffectin sucha mannerthatit
isinagreementwiththefundamentalassumptionsinherentintheNavier-
Stokesequation.Tiszashows(reference3)thatforthecaseofultra-
sonicsthethe lagmayonlybe incorporatedin
equationif d << 1,where t isthetimelag
offreedomand m isthesoundfrequency.For
tionisconvenientlywrittenintheform

t~
—<<1
tflow

theNatier-Stokes
oftheinternaldegrees
gasdynamics,thisrela-

-— - ..—. —..——— —-. ... —.— — —.
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thatis,astheratio”ofthetime’la-goft& ‘internaldegees”offxeedom
andthetimeinwhichthechangeinflowvariables,forexample,the ‘
velocity,occurs. Inotherwords,thisrelationindicatesthat ttit
maybe lmge,providedtflow ismuch,larger.Thelimttofapplica-
bilityOf V’ (analagoustothepreviously-dh.scussedlimitofapplica-
bilityoftheNatier-Stokesequation)‘isassumedtobe reachedwhen ttit
isofthesm,eorderas tflow’,

Thedetailedderivationofequation(A3)basedonkinetic-gas
theoryispresentedasfollows:Equation(A3)representsthenormal
stressinthex-directionactingon a three-dimensionalcompressible
fluidelementdueto a smalldeviationfromtheequilibriumstateor
theMixwelldistribution,forthecasethatthedeviationLa-ases’rio‘ ‘-:
transversetiscouEeffects.,.ltisconvenientto showfir8ttheeffecta:
of’a deviationfora’gas~th onedegreeoffreedom.Theeqtiibriu”“
stateisgivenby thepressure(reference18whichishelpfulfor’tir’“
understandingoftheentiresubsequerrtderivation), ..’

& ‘ Px#

Thesubscriptx indicatesthex-direction.
density.Thedeviationfromtheequilibrium

Notethat Px isa line
stateis .-

-.
dpx= 2&cx dcx+ cx2dPx

. .
Forthedefinitionof Cx,‘”

.,.:. (...-,.:.,.--J-,,.:.‘; .
inviewofthegeneralnatureofthe“problem

no distinctionisude betweenvariousmethodsofaveraging.Theeqres-
sionforthedeviationdpx is simplyma,deto applyto a three-
dtiensionalgasby”-ubingthevolumedensi~y:.p .@@ad of justtheline
densityPx. Theav&agevelocitycx IsnotLaffectedby thisgeneral-
izationtothreedimensions,sincethethree-dtiension.alMaxwelldis-
tributionmaybe.obta~d by superposing.,t@eeindependentone-dimensional
equilibriumd“istiibutjons@.,the1xL;.y~,and-<-~irecf~ons.,- ‘khisi,nde-
pe@enci}S ~SO .=pr;s:ed..bk’~,...; “”1...‘.’,_j::.:.:.“,,-‘... . ..... .,, .’-.,’.

,: . “r ,-“,...
4-- -t,-,,.. -...”:,

. .. ——-— . . -—— --—
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Thedeviationdpx,whichmakesuseofthecorrectvolumedensity,
maybe written

( )(’%)vol = * 2~c2: +c2@ .

The term dp maybe

Inordertomakethe

expressedby thecontinuityequationintheform

(3P=
tit -p div 7

resultsobtainedby kinetictheorycomparableto
dc~

thoseofcontinnumtheory,— isexpressedintermsofthevelocityCx
gradient~. Forthecaseof smalldetiations,thefolhwingrelation

is true:

dcx du—=- —
c~ u

or sinceu = ~
dt

dcx_ -&dt——
Cx dx

Substitutingtheserelationsin ()d= ml gives

() (dpx~ol= ~ -2PC2
% )

- C2pdiv~ dt

SincethestressT= representsonlytheirreversibleeffectof
thedeviationfromtheequilibriumstate,theeffectofthereversible
or isentropicdeviationhastobe subtractedfromtheprecedingexpres-
sion.Incontrastforstressbasedonpurelytransverseviscouseffects,
a deviationfromequilibriumcanonlycauseirreversibleeffects.The
reversibleeffectofthedeviationisgivenby

()dp = dp
F rev ‘T

.

—.——— ——.- — — — ———---.—— ——
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Withtheuseofthecontinuityconditionand

35

thefo12.o~ equationcanbe

(dp)rev= - ~ p

.2+n
7 n

written

div~dt= - ~ ~ pc2div~ dt

Subtracting(dp)~ev from (dPX)VOIasPre~iou.w.uggefiedgives

()%VOI - b)rev = [‘+ (,-+jdiv+t-$ PC22G

-2
( )(
$ pc!2au=

)
-~div~dt=n

Inorderto obtainthestres.Tnj asgiven‘by
integratetheprecedingequationwithrespecttothe
presentpurpose,theintegrationcanbe performedto

equation(A3),
time t. Forthe
a goodappro-t ion

by changingdt to & whichcanbe doneforthefollowingreasons:
Theintegrationwithrespectto timeindicatesthatthemagnitudeofthe
deviationT= from the reversiblereferencelevelwilldependonthe
timethedeviationcanbe regardedas independentoftheeffectsof
collisions. Thesimplificationoftheintegrationby theuseof At
meansthata certainaveragevalueisassumd forthedeviationwhich
isabruptlyterminatedaftera time At whentheenergydueto the

velocitychangeinonedirection
( )‘ee‘em % issuddenlydistributed

overalldegreesof freedom
(
seeterm

)
~div~. Thethe At,in

accordancewithbasicconceptsofkinetictheory,isapproximate~
givenby the~tio Z/C where Z istheme= free~th. The&ro.
ductionofa finitettiedoesnotviolatetheassum@ionof sma12
deviationsintheNavier-Stokesequation.As previouslyshown,the
immediateneighborhoodisa relativeconcept,basedontherequirement

t~t
thattheratio — << 1.

tflow
Forthiscasethetime”lagoftheinternal

. . -— ——
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degreesof freedomtfit equalsthatofthetranslational
stressT= maybe writtenthus

au -1
‘xx= ( )(

‘ -2$-Pcz ~ )-;div~

NACATN 2630

r’
degrees.The

●

(A4)

Theexpressionisidenticalwithequation(A3)if ~ issetequal
to 1/3.

Inaccordanc~witha suggestiongiveninreference2,thepreceding
equation(A4)isgeneralizedby takingintoaccountthefactthatnot
allthemoleculardegreesoffreedomwillbe excitedsftera single
collisionoraftera-singlemeanfreepath:

—

‘xx =

1&2-adiTT+”””
wherethemibscripts2 and 3 referto other
degreesoffreedomand p isgivenby ~pcZ.
P’ canbe obtahedby comparingtheexpression
rewritteninthefollowingconvenientform:

Comparisonoftheprecedingtwoexpressionfor

thantranslational
Now,.anexpression
(A5)withequation

.

1T
T=yields

(A5)

for
(A2),

— —.— — —. —
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For Vt
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—

or

For
estimate
diatomic

(n~ = 3)

P’ [( )2211—=— —.. —
v 3Zln1 ~

.[,( )

’22~ - nlg=3_
p z~ ‘1%?

‘?($-++...]

purposesofdemonstrationitis offnteresttomakea rough
ofthenumericalvalueoftheexpressionfor pt/p fora
gasat roamtemperature.Thethreetranslationaldegrees
andthetworotationaldegrees(total~ = 5) areexcited

()22
afteronecollision— = 1 .21 Forroomtemperature,thenumberof

collisionsorthenumberofmeanfreepathsnecessaryto excitethe
vibrationalenergyisverylarge,fore-le, oftheorderof105(for
a gaswithoutimpurities).Thevibrationalener~ atroomtemperature
is,however,onlya smallfractionofa percentofthevibrational
energyat equipartition;thus,intermsoftheexpressionfor I.Lt/Wnot
twovibrationaldegreestotal n3

(
= 7)areexcitedbutonlya verysmall

(
fractiontotaln3

)=Very smallfractionover5 . Thecontributionof

thevibrationalterm,theprcductofa largeanda smallquantity,can
thusbe expectedtobe oftheorderofmagnitudeofone. Notefurther

thatbecauseofthelimitof ttit— << 1 tothevalidityof p!
tflow

for

veryrapidflowchangeslikeshocks(tflowis small),itmaybe impos-
sibleto incorporatetheeffectofvibrationalenergyexcitedaftermany
collisions(tint is large)in pt. Now,forexample,assumethatthe
rotationaldegreesarefullyexcitedaftertwocollisionormetifree
pathsandthatthecontributimsofthevibrationalener~ to ~? is
zero

f = (3)(2)5 = ;

Theesttitesgivemeaningtotheusemadeinthe
a P~/P oftheorderofunityforairundergoing
changes.

presentpaperof
S1OWandrapidflow

-— .- —._ ——_— ..— —
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APPENDIXB

SOURCEFLOWWITHHEATADDITION

Forthegeneralcaseof sourceflowwithheatadditionorvariable
totalener~,theener~equationcannolongerbe usedseparatelyas
wasps sibleforsourceflowwithconstanttotalener~;rather,the
equationsofcontinuity,ofmotion,andofenergyhavetobe integrated
ldlmlltaneously.Furthermore,theamountoftotalenergyadditionor
heatadditiontotheflowisno longertreatedasa se~ble boundary
condition,butallboundaryconditionsnecessaryto satisfythesystem
of differentialequationshavetobe satisfieds~taneously. An
exceptionisknownto existforthecaseofone-dimensionalshockflow
withheataddition(references11,12jand19)wherea separateintegca-
tionoftheenergyequationismadepossibleby useofcertainvalues
oftheFrandtlnuuberdepsndingontheratio p‘/v. Thisfactcanalso
be seenfromeqmtion(7)inthepresetipaperwhen F istakenconstamt..

Inthebodyofthispapertheexponentialdeviationsforterminated
sourceflowfromthemainconstant-total-energysolutions(curves1 and4)
werediscussedin somedetail.Similarly,terminatingdeviationsexist
becauseofa heatsource;however,as justindicated,forsourceflow
theheatadditiontotheflowmaynolongerbe treatedas a separable .
boundazycondition.Inviewofthiscomplication,a muchsimplerproblem
ischosento illustratenerelythebasicnatureoftheeffectscausedby
flowtermhationwitha heatsource.Assumethata wireispulledwith
thespeedu througha heatsourceata fixedlocation.Thedifferen-
tialequationforheatconduction“upstream”inthewire(the“downstream”
partssreheatedasthewireisdrawnthroughthesource)isgivenby

_lls=L&
-dx Pep dxp

Integrationindicatesthata dyingoutof

T (-To =Constant~
pucp

theheat-sourceeffeetsoccurs:

)+
e

/,

where T. isthetemperatureoftheunheatedwire.

Inorderto completethephysicalpicture,an estimateismade
ofthedistancewhichthemajoreffects,causedby theterminating

.
..— — ——— .- .——- .
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heatsource,willpenetrate“upstream”;thetotaleffectswill.,ofcourse,
be conductedto m. Inaccordancewithcustomaryprocedure(used,for
example,for??randtl’sestimateoftheshockthickness),theszibtangent
oftheactualvariationistakenas a measureofthepenetrationofthe.
majoreffects.Fortheexponentialtemperaturevariationgiveninthe
precedingequation,thesubtangentis

K
pucp

A roughestimateofthisdistancecanbe madeby assumingthatthis
measureholdsapproximatelytrueforgasflow. Ifthevsriousconstants
areleftoutfromthepertinentexpressionsbfthekinetit-gastheory
(reference6),thedistanceofpenetrationcanbe writtenas

-1

Attentionisdrawnto thefactthat.forthisroyghestimateinthe
neighborhoodofMachnumberof1,a Machnumberpassedthroughby every
shock,thepenetrationdistanceofthemajoreffectsof’theterminating
heatsourceisoftheorderofthemeanfreepath.

.

,

.

—.—_.—- .-- —-- .__— .. . ______ —-. —
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AFFENDIXc’ -

ENTROPYBALANCE
,.

General-Development
,

Thediscussionoftheentro~balanceisconvenientlyintroducedby
thecompleteenergybalanceforthesamefluidelement.Theheat dQ
addedtothefluidelement.maybe 8eparated:intotheheataddedfromthe
outsideby conduction‘Qcondandtheheattipq%,d~to &ternalgenera-
tionofheatby friction.Theenergybalanc@isexpres~edin“termsof
thefsmiliardissipationfunction@ intheform(references2,20,
and21)

d~“’“dQco~~”
‘~-p dt =$

,“., ..;

(cl)

dQcond ..-, ,,
Theterm dt islmown$comthelaw@ heatconduction.Theinflow

oroutflowofheatononesid~oftheeiemeti””ia

-kgradT

andtherateofheatadditionby longitudinalheatconductionthrough
twosidesoftheelemerrt(forsourceflowheatisnotconductedtrans-
versallytotheflow)is

‘%ondP dt
= div(kgradT)

Forthepurposeof mibsequentcomparisonwiththeentropybalance,
theenergybalanceisdividedbyT

ds 1 $
‘Z-T div(kgradT) =T (C2)

Theentropybalanceis
~a 23). Theentropy
sinceheatexchangeby
Thesystemcanbemade

madeforan isolatedsystem(references22
s ofthefluidelementisthatofan opensystem ,
conductionoccurswiththeneighboringelements.
sa isolatedoneby arrangingattheboundaries

.-—.—z —. ——-— ——- —
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ofthefluidelementa artificialentropystorage
fortheoutflowofheat. Theentropyflowthrough
elementisgivenby

incontrastto
entro~stores
rate

Since,nowthe
theinequality

To
termis

obtain

-k.gradT
T

41

whichcompensates
onewallofthefluid

thecorrespondingheatflowby conduction-kgradT. The
furnishfortheentirefluidelemetitheentropyincrease

()~iv k gradT
T

systemisisolated,thesecondlaw~ be expressedby

P

theentro~
developedwiththe

(= )dsdivk adT>o
dt T=

balanceina moreconvetietiform,thesecond
aidofthegeneral.vectorrelation

wherethevector~ = k

(C3)

div(a~) =

entropybalancebecomes

ds—-
P dt

gradT andthescalara = ~. Therefore,the

div(k gradT)
T

orwiththeuseofequation(C2)

L

+ %grad T)2~ oT2

Since @ ~ O (references2,20,and21)andnaturallyk and T are
positive,thecorrectnessof-theinequalityisevident.

(C4)

(C5)

.—— .—. .
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For

vetv

thecasethatthetotalvelocity
axisoftheflow,theterm P ~

,,

ofa steadyflowisinthe
becomesequalto pug. a

Anotherformoftheentropybalancemsybe obtainedby expressingPU~UA

inequation(C5)asa divergencewhichcanbe doneby showingthat

pll g = div(P~S)

specifically,

(3iV(pti)= pY “ grads + s div(PT)

\
Thesteady-flowcentinuitycondition,however,expresses

div(p~)= O
●

and,thus,

div(pys)= PT .grads = pu~
Ux

Equation(C5)maybe rewrittenas

(div@S - k ~d T)

Forsourcefloworforflowthroughslightly

~o

-* crosssection,

or,since p@ = Constaut,

()k dT82- ——
(

2sl-&puTdx2–

where O, 1, 2 representsubsequentpointsin
dfiection.

dT
)

2 soE1–

thedownstream

(c6)

——. - .—. —.—
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Forthecaseof shockflowwithconshnttotalenergyinan infinite
tubewithconstantcrosssection,itisnotnecessaryto resorttothis
morecomplicatedentro~balance.Thereasonisthat,ifh front(-m)
and behind(+W)theshockuniformconditionsexist(thatis,thevelocity
gradientand,thus,thete~raturegradientarezero),noheatconduc-
tionwilloccurthere,andthus,theshockasa wholemaybe regarded
asan isolatedsystem.Thisanalysisisinessentialagreementwitha
briefgeneralstatemetiinreference19concerningthereasonwhya
negativeentropy’gradientoccurringinsidetheshock(wherea fluid
elementisanopensystem)doesnotviolatethesecondlaw. Thefunction
ofheatconductionintheentropybalanceis,however,notdirectly
mentionedinreference19.

FlowthroughCrossSectionsSmallerthanthe

IsentropicMinimumSection

It iswelllmownthata certainisoenergeticmassflowwitha given
entro~canpassonlythrougha certainminimumcrosssection.The
physicalreasonforthepenetrationofan isoenergeticsolutionto cross
sectionssmallerthantheisentropicminimumofa siIikflow,dueto
expansioninthecontinuedsinkflow,or ina curvedminimumpass~e
joinedtothesinkflowmaybe disclosedthroughtheentro~balance,
whichis indirectlycontainedintheNavier-Stokesequation.Theentropy
balanceisexpressedby theinequality(c6),wherethesubscriptO would
correspondto theiserrtropicminimumsectionandsubscriptsland2
wouldreferto crosssectionsfartherdownstream.Sincetheproblemis
oneof constanttotalener~,theentropiesinthesmallerdownstream
crosssectionshavetobe progressivelysmallerthanintheisentropic
minimumsection(references2 and24). Thus,inorderthattheinequal-

()ity(c6)be satisfied,~~
()
K dThastobe greaterthan ——PUTdxz puTdxl

and,furthermore,bothexpressionshavetobe negative.Sinceforthe
dTpresentcaseofconstant-energyflow ~ isthenegativeof * mlilti-

pliedby a functionof u, ~ &s.tobe positive,and,inaddition,it
hastobe sufficientlylargeasa consequenceofthesecondlawof
thermodynamics. Sincetheentro~balanceisindirectlycontainedin
thepresetisolutionsoftheNavier-”Stokesequation,theexpansion
curve4 whichpenetratesbeyondtheisentropicminimumsectionhasto
meettheserequirementsoftheentro~balance,provided,of course,
thattheNavier-Stokesequationisnotusedbeyondthelimitof its
applicability.Theentropybalancealsoindicatesthata supersonic
compressionflowdueto itspositivetemperaturegradientwillnotbe
ableto passthrougha smallerthanisentropicminimumsection.

----- .—— -.— -.—— ..—.
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APPENDIXD o

REDUCTIONOFSOURCE-FLOWEQUATIONSTOSHWK FLOW

IN CONSTANTCROSSSECTION

Thecaseofa shockinconst~ crosssectionwillbe investigated
withtheaidofequation(14)whichisrewritten

Y+l@2-1
Y-1

[

F )r2+M1-u.ii~’3 (Dl)
W2 +

~.lzFE
4X2 ii

7-1

Sinceforflowthroughconstantcrosssectionx is infitite,itis
‘1

eliminated fromequation(Dl)by dividingby C2 = —p=

Forthepresentflow x = co and Pii= Constant;thus

$=u!d()xjd~”+=ouc1

z
Introducingthe new variable

—
~=5=g~=c4g

whichgives

)- Cji -@ (D2)C22

a

-. .—. — —-
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gives

45

(D3)

Theintegrationofequation(D3)isaccomplishedbytransformingitin
thefollowingmanner:Since

d’iican be expressedas

Now,equation(D3)canbe written

or

7 +1$-1
Y-1 I

A._ .a~-$ \
7-1

7+l#_l

“=&dm+’27A’3

Multiplyingtheprecedingequationby -/7’

dtii

giVes

47 fi3
7-1
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(/-)-2or,sinced 1 - u ii dii=-

-’
.

Fromtheintegrationoftheprecedingequation,thefollowingequation
remilts

or

or

—.— —.
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Sinceinthefinalexpressionforconstant-energyflowthroughthe
1 1 diishockinconstantcrosssectionthevelocitygradient– = — —
n c~ dx

hastobecomezero,twoinfinitiesaretobe expectedfor q“asthe
uniformvelocitiesiiland ~ infrontofandbehindtheshock,

Thisconditionrequiresanexpressionofthetype
F%Y:’%c~~ a ~ahatic ‘om b ‘he‘em-toro Thequadratic
formisobtainedby multiplyinganddividingtheprecedingeq.mtionby
iiwhichgives

I

Thedenominatormayalsobe writtenintheform

Furthermore,acrosstheshock,accordingto Prandtl,therelation
.

existswhere a* isthecriticalvelocity.Sinceiiland ~ represent
theratiosu~~= ~ W%U

7-1iil-~=y+l

andthedenominatormaybe writtenas

[ 1I&A&+fil~+comy@nt(fi)

.

-. .— .-— .— .—— —. —— —— -———- ..— .
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theexpressioninsidethebracketsrepresetis(ti-fi~(ti-~)~d
thussatisfiestheconditionsaheadofandbehindtheshock,if
constant= -(~1+ ~). Tm folloti~expression,thus,maybe written
for x sinceq = C4~:

Thisexpressionessentiallyagreeswiththeknownexpressionforthe
velocityvariationacrossa one-dtiensionalshock.(Incomparingthe
resuitwiththatofreference19,notethat v‘ = O h t~ reference
andthatthevariablesusedarenotthesameasthoseofthepresent
paper.)

.

.

-—..._ ..———— __— —.
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&

@tted EolutionearegivenInfigures1to 32

(+ !GQi&
H @L~w3x 1

dlogiiF
‘(w)- ‘&)--- “&s*

SourceflOW,C2 = O.lj CUJ?Ve 1

).2 0.04 25.0 11’.p 0.7
7.69 11.07 1.44

:? :$ 3.70
.4

7.57 2.04
.90 1.11 k.~

.5
3.69

2.36 .424 2.47
7.17

5.84
.140

:25
1.5

15.5 .m5
U.38

1.28 19.9
SourceflOW; C2 = O.lj Cm 2

).1 -o.g2 -log n.07 -65.39
.2 -.33 -3.03 17..XJ

-.25 -4.00
-5.77

7.57
::5 -.30

-1.89
-3.33

-.38
5.46 -1.64

-2.63 4.09 -1.55
.5 -.70 -1.43
.6

2.47 -1.-f3
-1.90 -.526 l.% -3.02

SourceflOH;C2=O.lj Cm 3

).65 14.1 O.on 1.213
.7 8.70

18.1
.r15 1.04

.75 2.38 .420
9.6 ,

.840
.8

2.00
1.08 .926 .670

.9 .45
.723

2.22 .384 .173
stiflOHj C2 = 4-1; cmvek

).2 -0.85 -1.18 -17.50 14.9
.3 -.70 -1.43

-.60
-7.57 5.3

-1.67 -4.09
;; -kg

2.46
-2.04 -2.47

-.40
1.21

-2.50 -l.% .635-
.7 -.33 -3.03
.8

-1.04
-.26

.344
-3.85 -.670 .174

-— ..——-— ——. .—



52 NACATN 2630

TABIEI.-Concluded

()
RATImoF- GIVENBYPLOITEDSOLUl?IO~OFMIVTER-STOKESEQUMJIO~TOBFCMKDOWM@~

~ Plot

v- OF
(3
~y OFNA~-STO~EQUATION-Concluded

Breakdown

[Plottedt301tifonEaregiveninfigures1to3J

a 10g x 1~ @lE _
d log iiv “(-=+P1. (*)B:~- ~q~- ‘(Y*

~g d log X ~ld
dX B~~-

SiU.kflOWj C2 = ‘0.lj~5

1.15 1.40 o.~k -31.39 -43.9
.2 .20 5.00 -17.5a
.3 .18

-3.50
5.%

.4
-7.57

.25 4.m
-1.36

-4.09
.5

-1.02
.35 2.86

.6
-2.47 -.866

2.00 -1.5g
.7

-.794
:Z 1.32

.8
-1.04 -.791

1.18 .847 -.670 -.7’90
2.33 .4’29

:;5 5.50
-.384 -.896

.X32 -.247 -1.36

Sm flow;C2=-0.1;curve6

.1 -0.02 -m.o
-.06

-71.1 1.42
.I.l -16.7 -53.7
.I.2

3.52
-.1.1 -9.W -49.2 5.42

.13 -.17 -5.&3 -41.9

.15 -.68
7.12

-1.47
-.89

-31.4 21.3
.17 -1.12 -24.4 =.7

Sw flow,C2= -0.lj CUITW 7

1.463.3,-3.13 0.303,-0.319 -3.CQ -9.89,9.38
.5 1.26,-1.05.794,-.952 -2.47 -3.r2,2.60
.55 1.08,-.69 .926,-1.47
.6

-1.97 -2.13,1.34
1.07,-.53 .935,-1.89 -1.5g -1.70,.841

.65 1.13,-.44 .885,-2.27 -1.28 -1.45,.565

.7 1.23,-.38 .813,-2.63 -1.04 -1.28,.396

.75 1.39,-.33 .719,-3.03 -.840 -1.17,.277
1.65,-.26 .606,-3.85 -.670

::5 1.98,-.23
-1.10,.174

.735,-4.35 -.520 -1.03,.I.20
.9 2.60,-.lg .385,-5.26 -.*4 -1.00>.0730
.95 5.60,-.12 .179,-8.33 -.247 -1.38,.0E96

.

———— —— —.—— ..—.



NACATN 53

+ Figure 1.-
against

24
❑ l I I

I I +

16

10

e

+’
6

4

-121 I I I .-”I 110-=.
- \\\\ \]–

-14
J .2

%
4 .s 6 .7.891m

Directionfieldandintegrationcurvesinplaneof fd

sizeprintofthisfigureis
coverpage.)

ii(fiinlogscale)forsourceflowwith CP= Ool.-
enclosedintheinside;Ocketof

. _——.——___ __ — —

.

plotted
(Alarge-
theback

—-— -



54 NACATN 2630

.

14.0

120

tm

ao

w

4.0

20

+’0

-’m

4.0

~//// II

==$%’-l

-10.0

4al

i4J3J 2 3 .4 .s .6 .7 .8SL0
u

-

Figure2.-Directionfieldandintegrationcurvesh planeof ~’ plotted
a@nst ii(iiinlogscale)forsinkflowwith C2 = 4.1. (Alarge-
sizeprintofthisfigureisenclosedin theinsidepocketoftheback
coverpage.)

.

.

__.. .—.———-—



I

,
1

I

1
I

u

x

Figuie”3.. Flow solutions in plane of fi plotted against x (in log
scale) for wmrce flow with C2 = 0.1 (curves 1, 2, and 3) and sink

fl.ow with C2 = -0.1 (curves k, 5,.6, and7). (Al.erge-stieprtitOf
this figore Is enclosed in the inside pocket of the back cover page. )

WIu



NACATN263056

+’
I
I
I
1
1
[
I
I
I

I
I
I
I
I
I
I
I
I
I

I I I I
I

Isentropm— ‘

i
I

Id
1’
I
I

1
I

I
1
I

I
I
I

(a) Directionfieldandintegrationcurvesinplaneof @‘ plotted
againstii(iiinlogscale).

x
H DE Shock BC G

K Ti
M=l N

(b)Flowsolutionsinplaneof ~ plottedagainstx (inlogscale).

Figure4.-Flowpresetiationwhenviscouseffectsof sourceor sinkflow
areZerOjC* = o.

—.. — _ ..._ —._ _____



.

9–

8 –

7 –

6 –

5–

4 –

3 –

2 –
+’

I–

o –

-1 -

-2 –

-3 –

-4 -

Cur.’al -Ion for infinitemurce flow

cuxTe2 Cmpreaaion ahcckfor infinitemurce flow

Curl’e 3 -1OU * to dmse of bmmdarien of sourcn flm

—-— @ll=o

//

//
!

/

+ I
—.

2
—-—

—-— -—

I

Figure 5.- Detailed structure of direction field and inte~ation curves
in plane of ~’ plotted against E (li in log scale) for C2 = +0,

the immediate neighborhood of C2 . 0 for source flow.



9 F

e –

7 –

6 –

5 –

4 -

3 –

2 -

+’
I –

o -

-1 –

-2 -

-3 –

-4 -

v
-5, I I

.2
I I I

.3
I

.4 .5 .6 .7 .8 .9 1,0 s

E s

k!F@me 6.-
.-. .

Detailed etructure of direction field and integration curves
in plane of ~’ plotted againat = (= in log .ecale)for C2 = -O,

N
g

the immediate neighborhood of C2 . 0 for sink flm.

Cmpreesim uhockfar~ti afnkflow

-im a~ +0 Ch8?.WOf bomdnriesof sinkflW

d-o
/

//’

‘



NACATN26309Y

#

—

curve1 Expansionforinfinitesourceflow

59

curve2 Compressionshockforinfinitesourceflow

Curve 3 Expansionduetochangeofboundariesofsourceflow

/

r3

“a

r2

(a)Summaryaccount of directionfieldandintegrationcurvesinplane
of ~’ plottedagaind ii(iiinlogscale).

.

(b)Flowsolutionsinplaneof li plottedagainstx (inlogscale).

Figure7.- Flowpresentationof C2 = +0,theimmediateneighborhood

of C2 = O forsourceflow.

.. —.—. ___ . —-—.——..____ _



60 mc~ m 2630

Cur-ve4 Expansionforinfinitesinkflow

curve5 Compressionshockforinfinitesinkflow

Curve6 Expansionduetochangeoftmundsriesofsinkflow

6—

t-

5 M.1

(a)Summaryaccountof directionfieldandinte~ationcurvesinplane
of #’ plottedagainstii(iiinlogscale).

.

M.1

(b)Flowsolutionsinplaneof ~ plottedagainstx (inlogscale).

Figure8.- Flowpresentationfor C2 = -O,theimmediateneighborhood
Ofcz=o forsinkflow.

NAcA-Lm@eY-2-W-62-1OC4

———_ ... .— . .- .——.— —.—.——



I

I

I

I

I

2L

22

2C

IE

16

14

12

10

8

+’

6

4

,,. ,.
‘.2 .

,
-! 27

‘Curve 1 Expansion for infitite source flow . ~.
-Curve 2 Compression shock for infinite source flow

Curve 3 Expansion due to change of boundaries ‘“
of source flow

1’

i

,. ., .,”,,,. ,,, ,.” , I

.



I

I

1j.
,’

,

I

I

-..

,.

,,

~----~ ,, :.’ F@rre.l.- Dlrmtion H ad Irrtegrationcwwe.9in pl.8n0of d’ -O- ,
-. agaiwt E (E in log scale)fm’ aumca flowvltb C2 - 0.1.

:.’, ,“

.,



1

1’

I

M

,.. :
r ‘- ..-” -.. -

:- . . .
Xlul ’mcl

., . . . ‘..
,. .. .. “,

I
...-. .,, .’ I .,.-.. ,...-,... -.... ,. . ..! . . . . . .. .

I
. . .

1.
..,

1:
... ....-, ,.>... .. :..>-.., .>’ - ‘ :.’,,, .. .

,.

I

IQO

8.0

I

+Cv
.,, .. . .

4.0 1

+’

. .

:,

. .

. . .

.

. .
.,’.

‘...f
‘.,.1,,

“.. ,.---
.

‘J{.
,. .,.
,. ;

.{ ,’,..
,.,

,.

‘,!..
‘ .-:
-. .,,-

.,
>7

,’
.,



o

-2.0

-4.0

-60

-8.0

,,- \ 1~ . / //1
j.,

. ..- ,?. . ‘$
~
—

-10.0 ,.
,1, :;:?”‘“ ‘“”’

.:-

.

-Izo
,.

,“,. ....,:

.

:,, . .
-14.0,

.2 “ .3. .4 .5 .6 .7 .8 .9 1.0

...L
, {.

...,
.,?

.-

{..

“,

.. ..
,; 1

‘.,.

.,l.

;,
.. .“

.’



. .

WA TIV 263o

j

I

!

!

I

,

I

I
i

I

I

,

I

,

(

\“
)

4\

Curve 1 Expansion for infinite source flow
Curve 2 Compression shock for infinite source flow
Curve 3 Expansion due to change of boundaries

of source flow
. Curve 4 Expansion for infinite sink flow

Curves 5 and 7 Compression shocks for infinite—
sink flow ‘

Curve 6 Expansiondue to change of boundaries
of sink flow

.1i .2 .3 .4 .5 .6 .7

—

—

—

—

—

—
\

4
—

—

—

Isentrope=

\ \

1.0 2:
x

L

—

—

L

—

—
—

—

—
+
—
—
—

—

—
—

—

—

—

—

—

Fl@uw 3.- F3.GwBolutionn ti @@m of U plattedwind x (in log
scale)for murce flw with Cp - 0,1 (curves1, 2, and 3) and EM
flowwith C2 = -0.1 (CUW 4, 5, 6, and7).

—

—
—

—

—
—

—

—

—

—

Y



Mtrope=

I
/

I

I

I

f L

x
34

/

—

—

-
—

—

—

—

—

—

—
—

—

—

—

—

—

—

—

—
—
—

—

—

—

—

—

—

I —

I

I

i-

—
—

—

—

—

=
I

—

—

—

—
—
—

—

.

—

—

—

—

—

r

—
—
—

—

=

—

—

—

—

—

7

.SUM3.- ~0’H BolutioIM IU _ of U @utted wIr& X (in log

scale) for mmce flow With C2 = O.1 (-es lJ 2J @ 3) ‘d ‘m
flow with C2 - -0.1 (cum B4,7,6, ~7).


